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Abstract 

In 1983 A. Suslin proved the Quillen-Lichtenbaum conjecture about 
algebraic 7f -theory of algebraically closed fields. The proof was based 
on a theorem called the Suslin rigidity theorem. In the present paper 
we prove the rigidity theorem for homotopy invariant presheaves with Q,- 
transfers, introduced by I. Panin. This type of presheaves includes the 
A-functor and algebraic cobordism of M. Levine and F. Morel. 
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1 Introduction 

The original rigidity theorem of A. Suslin can be formulated as follows [T^] : 

Let ko C k be an extension of algebraically closed fields. Then for every 
prime p different from char F, the canonical map 

K n (k ,Z/p) K n (k,Z/p) 

is an isomorphism, where A„ is the n-th algebraic A-theory. In later works of 
H. Gillet, R. Thomason [4 and O. Gabber [3] analogous results were obtained 
for the strict Henselization of a local ring of a closed point on a smooth variety, 
and for Henselian pairs. Further steps were made by I. Panin, S. Yagunov and 
J. Hornbostel ([10]. [T5] . [5]), and O. Rondings and P. 0stvaer [T2]. All known 
proofs are based on the existence of transfers and on homotopy invariance of 
A-groups. In the paper by A. Suslin and V. Voevodsky [14] , A-groups were 
replaced by algebraic singular homology groups. Their main result states that 
for a variety over the complex numbers, the algebraic singular homology groups 
with finite coefficients coincide with usual singular homology. 

The following conjecture about complex cobordism, due to V. Voevodsky, is 
of special interest: 

MGL l '°(C)/nMGL l '°(C) = QF 2i /nQF 2i , 

where MGL denotes the algebraic cobordism spectrum theory and Q u denotes 
the complex cobordism. 

Recently G. Garkusha and I. Panin have developed an approach to solve 
this conjecture, which requires a rigidity theorem for the so- called homotopy- 
invariant presheaves T with ft-transfers, as well as the fact that J-(S) = .F(Spec k), 
where S is a Henselization (at a closed point) of a smooth variety over k. 
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In the present paper we prove the rigidity theorem for homotopy invariant 
presheaves with ^-transfers. Namely, we prove the following 

1.1 Theorem. Let k be an algebraically closed field, y £ Y be a closed point 
of a nonsingular variety over k, and S = Spec Op y a spectrum of a local ring 
in Stale topology. Let X/S be a smooth affine curve over S which admits a good 
compactification (see \2.lT)) and let J 7 be a homotopy invariant presheaf with 
Q-transfers such that nj- = 0, where (n, char k) = 1. 

Then for any two sections x,y: S — > X coinciding in the closed point of S , 
the two maps J-(x),J-(y): J~(X) — > J~(S) coincide. 

As a consequence we prove the following 

1.2 Corollary. For the closed point embedding i: Spec k —> S, the induced 
pullback map J-(i) : J~(S) — > J~(k) is an isomorphism. 

The present paper is organized as follows. In section [5] we introduce the 
notion of a homotopy invariant presheaf with il-transfers. In sections [3] and Q] 
we provide preliminary results which will be used in the proof of the main 
theorem. In section [5] we prove the rigidity theorem and its corollary. In the 
last section [6] we provide non-trivial examples of homotopy invariant presheaves 
with ^-transfers. 

2 Presheaves with Q-transfers 

In the present section we introduce the notion of a presheaf with fi-transfers. 
This will take several steps. 

Consider the base field k. Denote by Schfe the category of separated schemes 
of finite type over k, and by Snifc its full subcategory of smooth quasi-projective 
schemes over k. 

2.1 Definition. By an elementary triple X 4- Z A Y we call a diagram 




X Y 

where X,Y E Smj Z G Sch^ is a scheme over k and / : Z — >• X is finite flat 
surjective locally complete intersection (l.c.i) morphism of A:-schemes and g is 
an arbitrary morphism of /c-schemes. 

2.2 Remark. Since X is smooth over k, the structure morphism Z — s- Spec k 
is an l.c.i. morphism, so Z is an l.c.i. scheme. This implies that g is also an 
l.c.i. morphism ( 2 , B.7) 
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2.3 Definition. Two triples X J- Z A Y and X I- Z' A Y arc equivalent, iff 
there is an isomorphism a: Z — »■ Z' such that the following diagram commutes: 




Denote by T(X, Y) the set of equivalence classes of elementary triples (X <— 
Z — > Y). Further we will mean by a triple an element of T(X, Y). 

2.4 Definition. Composition of triples X Z 1 A Y and Y £■ Z 2 % W is 

defined as the triple X ^4— 1 Z\ x y Z 2 9 —> W where Wi : Z\ x y Z2 — \ Zi is the 
corresponding projection, i — 1,2. 

2.5 Definition. A sum of two triples X J- Z A Y and X I- Z' A Y is defined 
as the triple X f M' Z]\Z' 9 ^4 Y 

Note that sum is compatible with the composition of triples. Note that 
X «— — > Y is a zero element and the set T(X, Y) can be endowed with a 
structure of a commutative monoid. 

2.6 Definition, fi-category is a category C defined as follows: Ob C are smooth 
varieties over k and for any two smooth varieties X and Y we define Hom c (X, Y) = 
G(T(X, Y j) to be the Grothendieck group of the commutative monoid T(X, Y). 

Note that ^-category C is a preadditive category with direct sum given by 
disjoint union, since Homc(Xi \JX 2 ,Y) = Homc(Xi,Y) Homc(X2,Y). 

2.7 Remark. There is an inclusion Sm^ — > C sending each morphism /: X — > 
Y to the clement of Hom c (X, Y) defined by the triple (X X 4 Y). 

2.8 Definition. A presheaf with fi-transfers (or, shorter, f2-presheaf) is an 
additive functor T : C op — > Ah such that the canonical map 

T{X\\Y) ^ F(X) ® F{Y) 

is an isomorphism. 

2.9 Definition. For any f2-presheaf T and any Sm^-pro-object Y = lin^ X i: 
Xi e Snifc, define J-(Y) = colimj .F(Xj). 

2.10 Definition. We call fi-presheaf T homotopy invariant iff for any X e 
Snifc the canonical map Tijp) : F{X) — > T(X x K\) is an isomorphism, where 
p: X x A £ — >• X is the projection. 

2.11 Definition. Let S be a local scheme, X — > S be an element of Snig of 
relative dimension 1. We will say that X admits a good compactification, if 
there is an open embedding X C X, where tt : X — > S is a smooth S'-projective 
scheme of relative dimension 1, and Xoo = X \ X is finite and etale over S. 
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3 Some generic position results 



In this section we provide some generic position results needed for the section [4j 
The results of this section are derived mostly from the Bertini theorem. 

3.1 Notation. Throughout this section we will use the following notation: 

• k is an algebraically closed field, 

• S = Spec O is a regular Henselian local scheme over k such that the 
residue field of O coincides with k, 

• denotes the closed point of S, 

• X G Snis is a scheme of relative dimension 1, such that X admits a good 
compactification tt : X — > S (see 12. lip and denote Xoo — X\X, 

• X = X x s and X = X x s 0. 

3.2 Lemma. For any a G O and f G 0[z\, . . . z n ] denote by a the residue of 
a in k and by f the residue of f in k[zi, . . . z n \. Let Xi, . . . Xk ■ S — >■ be S- 
points of Ag such that x~i, . . . , xT are pairwise distinct in A£, / G k[zi, . . . , z n ] 
and £ O such that f(xl) = 6j for all 1 ^ i ^ k. 

Then there is F G 0[z\, . . . , z n ] such that F = f and F(xi) = b{. 

Proof. Write Xi — (xjm ... £,-(„)). Since all ~xl are pairwise distinct, we may 
assume that all x^T\ are pairwise distinct (otherwise we may change the coor- 
dinate system). For a multi-index A = (Ai, . . . A„) denote by z x = z Xl . . . z* n . 
Then we can write / = ^k\z x . Condition f{xi) = bi means that ^ k\x~i X = hi. 

Let us find a\ in O such that ~a\ = k\ for any multi-index A and for any 
natural i sC k we have J2 a * x i = This is a linear system for a\. We rewrite 
it in the following way 

a ...o + ai...o^i(i) + ■ • • + Ofc-i...o**(7) 1 = b i ~ X! axX i ^ 

Aft{(j - ,...0)|0^j<fc} 

Now for any A ^ {(j, . . . 0) < j < k} we set a\ to be any lift of k\. Thus we 
get a linear system for ao...o, fii.o...Oi • • •) ^fe-i,o...o with the square matrix 

^l,xi(i),x^ (1) . . -^(x)^ 

A=\ 

y-i x k(i)i x k{x) ■ ■ - x k{i)J 

This is Vandermonde matrix, det^4 = Ili<j( :z; i(i) — ^(l))- Since all x^ are 
pairwise distinct, detA does not lie in the maximal ideal of local ring O. Then 
A is invertible. Then there exist a unique solution ao...Oj ai,o...o ■ • • > ife~i,o...o of 
the linear system (1). 

Note that then ao...o, ai,o...o ■ • • 1 a fc-i,o...o is a solution of the system 

ao...o + O ^i(i) + ■ ■ • + a/c-i...o = &i - ^ oa £i A 

X0{(j,...O)|O<3<*} 
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with invertible matrix, so it coincides with another solution 



^0...0 — "'0...0; ^1,0.. .0 — "'1,0...Q3 • • • 3 Q,k — 1,0. ..0 — ^k — 1,0. . .0* 

Thus, a polynomial F = ^oaz a satishes the desired properties. □ 

3.3 Corollary. Let /, g G k[to, . . . , t n ] and G G O[to,...,t n ] be homogeneous 
polynomials of degree d. Suppose g — G. Consider a set xi, . . . , x r : S — > P§ of 
S -points in P§ and corresponding set xT, . . . , av : Spec k — > PJ! of k-points in P£ 
Suppose f(xi) = g(xi) for all 1 ^ i ^ r. 

Then there is a homogeneous polynomial F G O[to, . . . , t n ] of degree d such 
that F = f and Ffa) = G(x 4 ). 

Proof. We can choose a system of homogeneous coordinates in Pg, where xi = 
(1 : : ... : a { n ] ) for some a { p G O for all 1 sC i < r. Note that then 
xl = (1 : : . . . : an ), i — l-.r. By lemma |3~21 there is F Q G 0[ti, . . . , t n ] such 
that Fa{t!,...,t n ) = f(l,ti,...,t„) and F a {a{ l \ . . . ,a ( n ] ) = G(l, af , . . . , atf) 
Take F G 0[to, • • • ,t n ] to be the homogenization of F a . Then F possesses the 
desired properties. □ 

3.4 Lemma. For an embedding X » PJ! consider a set of closed points x\, 
. . ., x r , . . ., y m € X, and let d ^ r. Let h G k[to, . . . , f n ] &e a homogeneous 
polynomial of degree d such that h(xi) ^ for all i. 

Then there is a homogeneous polynomial F of degree d such that 

(1) F(xi) = h(xi) fori = l...r 

(2) F( yj )^Qforj = l...m 

(3) Z(F) intersects X transversally in PJJ. 

Proof. Denote by Vd = T(PJJ, Op^(d)) the space of degree d homogeneous poly- 
nomials. Consider the set 

W = {F G F(V d ) | h( Xi )F(x i+1 ) - h(x i+1 )F( Xi ) = 0, i = 1, . . . , (r - 1)} 

Note that the condition h(xi)F(xi + i) — h(xi + i)F(xi) = is a linear homoge- 
neous equation on coefficients of F. So W is a linear subspace of P(Vd) and its 
dimension is at least dimP(Vrf) — r. 
Consider 3 sets: 

U x = {F e P(Vd) | F{x x ) + 0, ... , F(x r ) + 0} 

U2 = {F G F(Vd) I Z(F) intersects X transversally } 

U 3 = {Fe ¥(V d ) I F{y x ) ± 0, . . . , F(y m ) ? 0}. 
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We will prove that Ui is open in F(V d ) and Wd U t ^ for i = 1, 2, 3. Since W is 
irreducible, any two nonempty open subsets intersect. Then Wo — (W fl U\) PI 
(Wni72)n(WnZ73) is nonempty. Then take a polynomial Fi that represents any 
element of Wo. Then there is a nonzero constant c such that Fi(xi) = ch(xi) 
for i = 1 ... r. Then the polynomial F — F±/c possesses the properties (1), (2), 
(3). 

Now let us prove that U l is open in F(Vd) and W H f7, ^ for i = 1, 2, 3. 

• Since t/i is a complement of r hyperplanes, it is open in P(Vd). Since 
/i d G W n ?7i , we have that W n f/i is a nonempty open subset in W. 

• The Bertini theorem[5j II. 8. 18] and the Veronese embedding imply that 
U<z is open in P(Vd). To prove that U<z n 7^ we construct a set of linear 
homogeneous polynomials Li as follows: By the Bertini theorem there is 
linear homogeneous polynomial L\ such that 

Li(x\) — 0, Li(xi) ^ for i ^ 1, Z(L±) intersects X transversally. 

Take a linear polynomial L 2 such that 

- L 2 (x 2 ) = 0, 

- L 2 (Xi) £ for 2 ^ 2, 

- L a (») ^ for any y 6XnZ(ii), 

- Z{L<i) intersects X transversally. 

Iterating this procedure up to x r we obtain a set of polynomials L\, . . , ,L r . 
Then we take a linear homogeneous polynomial L r+ \ such that L r+ i(y) 7^ 
0_for any ye (In Z(L X )) U...U(Xn Z(L r )) and Z(L r+1 ) intersects 
X transversally. Iterating this process up to Ld, we obtain a set of lin- 
ear homogeneous polynomials L r+ i, . . . ,Ld- Now consider the polynomial 
G = L\Li . . . Ld- By construction G(xi) = for every i = 1 ... r so that 
G eW. Moreover, we have X x P j Z(G) = \JX x P £ Z{L£) and any closed 
set Z{Li) intersects X transversally, so Z(G) intersects X transversally. 
Therefore, G € W C\U 2 - 

• Since U3 is a complement of m hyperplanes, it is open in P(Vrf). Let us 
show that W (~l U3 is nonempty. The Bertini theorem implies that there is 
a set of linear homogeneous polynomials Li, i — 1 . . . d such that Li{x\) — 
0, . . . , L r (x r ) = and Li{ Vj ) ^ for all i, j. Then G = L 1 ...L d € WDU 3 . 

□ 

We will need the following special case of lemma 13.41 

3.5 Corollary. Consider a closed embedding X <^-> PJ? and a se£ 0/ closed points 
Xx,...,x r € X. Consider a linear homogeneous polynomial h s k[to, ■ ■ ■ , t n ] 
such that h{xi) ^ for every i = 1 . . . r. 

Then for any d r £/iere is a homogeneous polynomial F of degree d such 
that 
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• F{xi) — h d (xi) for every i = 1 . . . r 

• z{F)nz(h)r\x = tt 

• Z(F) intersects X transversally inside PJ?. 

4 The Picard group of curve with good com- 
pact ificat ions 

This section is devoted to establish a presentation of the relative Picard group 
(see P31 § 2]) of a curve X admitting a good compactification (see 12. 111) . This 
presentation is expressed in lemma 14.151 As its consequence we derive the pair- 
ing lemma 14.161 that plays an important role in the proof of the main theorem. 
Throughout this section we use the notation 13. II 

4.1 Lemma. All closed points of the scheme X are contained in X. 

Proof. Consider a closed point z € X. Since it is projective, ir(z) is closed point 
of S. Then z eX. □ 

4.2 Corollary. Let Z\ and Zi be closed subsets of X. Then Z\ and Zi are 
disjoint if and only if Z\ R X and Zi [~1 X are disjoint 

Proof. Let Z\ C\~X and Z 2 l~l ~X be disjoint. Suppose that Z = Z Y n Z 2 ^ 0. Since 
Z is nonempty, there is a closed point z S Z. Since Z is closed, z is a closed 
point of X. By lemma [4~TI z £ X. Then z lies both in Z\ n X and Z 2 (~l X. □ 

4.3 Lemma. Consider a codimension 1 subscheme Z C X smc/i i/iai ^ is closed 
in X. Suppose that Z intersects X transversally. 

Then Z is regular at all closed points. 

Proof. Let d denote the dimension of S. For any closed point z G Z\etp: Ox.z — > 
Oz.z denote the canonical projection. Lemma 14.11 implies that z £ X. Let Ix 
and Iz denote the ideals defining X and Z in the local ring 0% . 

We prove that the local ring Oz,z is regular. It is sufficient to prove that 

dim 0z z/mz z Mz,z/0JH z .z =d = dimZ. 

Consider a homomorphism of k- vector spaces 

ip: Tt x , z /m% !Z -> m z , z IM 2 z :Z defined by a; + 9K| jZ ^ p{x) +Tl% >z . 

This homomorphism is well defined since for every y £ 9Jt^ the element p(y) 
lies in 921% z - Observe that dimfe VDlz,z/%R% z = d an d, hence, Oz, z is regular, 
follows from the following statements 

(1) the residue field k(z) equals k 

(2) ip is surjective 
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(3) ker tp is nontrivial 

(4) dim k M x , z /M 2 Xz = d + l 

(5) dim k M z , z /m\ z > d. 
We prove (l)-(5) as follows: 

(1) Since X — >• S is a morphism of finite type, then Spec k(z) — > Spec k is a 
morphism of finite type. Then by Hilbert's Nullstellensatz k(z) = k. 

(2) This follows from the fact that p is surjective. 

(3) Let us prove that Iz ^ z ■ Since Z intersects X transversally, we 
have that 9R x ,z = Iz + Ix- The ideal Ix is generated by some elements 
a\, ...ad £ Ix, since X is regular of codimension d [Tj III. 4. 10]. Then 
the inclusion Iz Q 9Jt| z would imply that 9Rx tZ /9R% z is generated by 
elements + 97l| , i = 1 . . . d. This contradicts to the fact that dim X = 
d + 1. So we have shown that there is f £ Iz \ 97l| z - Then / + 97t| z is 
nonzero and lies in ker 93. 

(4) Since X is regular, we have that dim^ 9Jlx, z /9Jl% z ~ dimX = d + 1 

(5) The fact that k(z) = k and proposition [1] III. 4. 7] imply that 

dim fe Wt z ,z/Wt\ x ^ dim Z = d. □ 

4.4 Lemma. Consider a codimension 1 subscheme ZCI smc/i i/iai Z is closed 
in X. Suppose that Z intersects X transversally. 
Then ir\z '■ Z — > S is etale. 

Proof. The proof consists of two steps. First, we check (Step 1) that ir is 
unramified at all closed points. Then we check (Step 2) that ir is flat at all 
closed points. Since Z — » S is locally of finite type, these two facts imply that 
Z — > S is etale at all closed points and, hence, at some neighbourhood of closed 
points of Z. Therefore, tt : Z — >• S is etale. 

Step 1. We prove that Z — > S is unramified at any point of Z DX. Denote 
by the closed point of the local scheme S. Consider z £ Z n X, i.e. ir(z) = 0. 
Then we get a morphism n* : Os,o — > Oz, z - Let us show that %Jlz,z = 9^s,oCz,z 
in the local ring Oz, z ■ Since Z intersects X transversally, we have 9Jtx,z = Iz+Io 
in local ring Ox. z . Here I = 9Jls,o@X,z is the ideal defining X, and Iz is the 
ideal defining Z. Note that O z , z = O x , z /Iz- Then 

WW = £0t S)jr // z = (Iz + Io)/Iz = Io/Iz = 0Jls, s O x>x /I z = M s , s Oz, z . 

Since k is algebraically closed and z is a closed point, we obtain that k(z) = k 
is a separable extension of fc(0) = k. 

Step 2. We prove that Z — » S is flat in any point of Zfll. Lemma [4.31 
implies that for any closed point z the local ring Oz, z is regular. Let us check 
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that Oz,z is a quasifinite Os^-module. As it was shown in I, DJlz, z — ^s.oOz,z- 
Hence, Oz,z/9fts,o@z,z = Oz.z/^z,z — k is a finite dimensional vector space 
over fc(0) = k. 

Then the Grothendieck theorem 1, V.3.6] implies that Oz,z is flat over Os,o- 
Then Z — > S is flat in all closed points of Z. Then the map ir : Z -> S is flat in 
some open neighbourhood of closed points of Z. Note that Z is the only open 
neighbourhood of its closed points. Then ir : Z — >• S is flat □ 

4.5 Lemma. Let Z be a closed subscheme of codimension 1 in X. Suppose 

k 

that ir\z : Z — s> S is Stale. Then Z = ]J Si(S) for some sections Si : S — > X, 

i=l 

i = l...k. 

Proof. Since ir\z is ctalc, the closed subscheme 7r|^ 1 (0) has dimension zero, so it 
consists of finite number of closed points z%, i = 1. . .k Then for any i = 1 . . . k 
there is a section of s, : S — > Z of tt\z such that Sj(0) = [8, 4.2 §4] Since 7r|2 
is etale and tt\z ° Si — Is, we have that Si is etale [TJ VI 4.7]. Then s, : 5 — > Z 
is open map, so Si(S') is open in Z. Since Si is a section of ir\z, hence a section 
of 7r, Sj(iS) is closed in X. 

Let us check that Si(S) are disjoint. Suppose the closed set Si(S) n Sj(S') is 
nonempty. Then there is a closed point x S Sj(S') H Sj(S). Then a; is a closed 
point of X. Then i £ I by lemma 14.11 This is impossible for i ^ j since 
Sj(S') nl = z, and Sj(S) C\ X = Zj. 

We prove that Z = ]Jsj(5). Since all Sj(S') are open in Z, we get that 
Z \ II SiC'S') is a closed subset of Z having no closed points. Then Z = \\ Si(S). 

□ 

This lemma has two corollaries 

4.6 Corollary. In conditions of lemma \4.4\ the scheme Z equals to a disjoint 
union of schemes st(S) for some sections Si'. S — > X. 

Proof. Corollary follows directly from lemma 14.41 and lemma 14.51 □ 

4.7 Corollary. The subscheme Xoo equals to the disjoint union IL =1 Xi(S) for 
some S-points Xi : S — s> X. 

Proof. By definition of good compactification (l2.11D the scheme X^ is etale over 
S. □ 

4.8 Notation. For any homogeneous polynomials Fq, Fi £ 0[zq . . . z n ] of the 
same degree consider the homogeneous graded ring homomorphism fc[io,ii] — > 
0[zq . . . z n ] given by the rule to h-> Fq, t\ i— > F± This gives us a rational map 

a:P n s = Proj O[z ...z n ) Proj k[t , h] = P^ 1 

This map is defined on the open subset \ (Z(F ) n Z{F\)). We denote this 
subset by Uf ,F! and the map a by [Fq : Fi]. 
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4.9 Lemma. Let D C X be a very ample divisor on X. 

Then for all big enough d there is a morphism f : X — > PjS. with the following 
properties: 

(1) Xoo C 

(2) div (f)=dD 

(3) Scheme-theoretic preimage / (oo) intersects X transver sally. 

Proof. Consider an embedding a : X °->- Pg, such that D is a hyperplane section 
D = X n Z(H) for some linear homogeneous polynomial 6 C[^0i ■ • ■ ,%n\- 

We will construct /: X — » Pj, in the form / : X A- Pg ' --■ P£ for specially 
chosen polynomials Fq an d Fi such that X C Uf 0i f 1 . Now we construct the 
homogeneous polynomials Fq and F\. 

Since Xoo is etale over Henselian base S, by lemma 14.51 it consists of finite 
number of S'-points in Pg. Denote these points by £i, . . . , £ r : S — > X, and by 
sci, . . . , x r : Spec k — > X the corresponding fc-points in X. 

Let h — H E k[t , . . . ,t n ]. Since D docs not intersect I m , we have h(xi) ^ 
for 1 ^ i ^ r. Corollary 13.51 implies that for any large enough d there is a 
homogeneous polynomial f\ of degree d such that 

• h(xi) = h d (xi) 

• z(/i)n^(ii)nl=l 

• Z(fi) intersects X transversally. 

Take Fq to be equal to H d and F\ to be a homogeneous polynomial F\ £ 
O[t , . . . ,t n ] such that -Fi(&) = and Fi = f\. The polynomial F\ exists 

by corollary 13.31 

First we check that X C \JF a ,F x - Since X and Z(h d ) (~l Z(fi) are disjoint, the 
corollary 14.21 implies that X and Z(Fq) n Z(F\) are disjoint. Then X C JJfq^Fx- 
Denote Ufq.Fx by U. 

So, the map / = [Fq : Fi] o a is well defined on X. Fix some system of 
homogeneous coordinates in P£ and take 1 = [1 : 1], = [0 : 1] and oo = [1 : 0]. 

Now we check that / satisfies the conditions (1) — (3): 

(1) The statement follows from the fact that = i*b(£i) 

(2) The construction of / implies that divo(f) — dZ(H) ■ X = dD. 

(3) Let us check that / _1 (oo) intersects X transversally. To check that we 
will establish the following equality 

Ix f f 1 H=Ix r; Z(^). (*) 

Since Z(Fi) intersects X transversally, the equality (*) implies that / _1 (oo) 
intersects X transversally in X. 
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To establish the equality (*) we will prove the following chain of equalities: 

Xx^f-^oo) = Xx P ioo = XxuZ(Fi)nU = Xx P gZ(Fi) = Xx P ~Z(T\) 

The equality (1) holds, since its both sides coincide with the edge of the 
following diagram consisting of two cartesian squares: 



f-Hoo) 



{00} 



X ■ 



The equality (2) holds, since its both sides coincide with the edge of the 
following diagram consisting of two cartesian squares: 



Z(Fi)nJ7- 



{00} 



X 



u 



The equality (3) follows from the fact that U is an open neighbourhood 
of X 

The equality (4) holds, since its both sides coincide with the edge of the 
following diagram consisting of two cartesian squares: 



Z(F t ) 



Z(F X ) □ 



X 



4.10 Lemma. Let f be a rational function on X such that its divisor can be 
represented as div(f) — ^2 Si(S) — tj (S) such that in the union {si(S)} U 
{tj(S)} each member is disjoint from the others as subschemes of X. 

Then f can be extended to a regular morphism X — ¥ Pg that is etale over 
S x and over S x 00. 



Proof. I. Let us prove that there is extension F : X — » P5. Since Si(S),tj(S) 
are distinct points of X, corollary 14.61 implies that Si(S) and tj(S) are disjoint 
in X. Then X is a vertex of the following couniversal square: 



X\Us,(S) \Ut 3 (S) 



■X\U Sl {S) 



X\Utj(S) 



11 



We see that P<j is the vertex of the following couniversal square 
Spec Oit,^ 1 } > Spec O^ 1 ] 



Spec 0[t] 



- s 



Rational function / defines 2 regular morphisms / : X \ l Jtj(S) — > Spec 0[t] 
and j : X\ USi(S) — > Spec 0[i -1 ]. Then, by the couniversal property, we get a 
regular morphism F: X — > Pg such that the following diagram commutes: 



X\USi(S) \Utj(S) 



■X\USi{S) 



Spec o[t,r 



X\Ut 3 (S) 



Spec o[r 



Spec 0[t] 
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II. Let us check that the extension F is etale over x S and ooxS. Note 
that F is of finite type. It is sufficient to prove that F is unramified and flat at 
any closed point x such that F(x) e x S or F(x) GooxS. 

Consider x E X such that F(x) eOxS. Then x G Si(S) for some i. We 
prove that F is unramified at x. There is the following diagram: 




and corresponding diagram of local rings: 




To check that F is unramified at s, we need to check that 



2%, 



^pi o • 



X,x' 



(*) 



where SOt-^ x and 9Jt P i j0 are maximal ideals in the local rings x and O^i To 
verify this equality we will establish the following equalities: 
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(!) m%* = ix + i. t(S ) 

(2) I X = I,x • 

(3) ^si(S) = ^OxS • ®% x - 

Where Ix and I Si (s) denote the ideals defining the closed subschemes X and 
Si{S) in the local ring Oj= x , and J P i and Iq x s denote the ideals defining the 
closed subschemes Pj, and x S in the local ring O p i . 

• to check the equality (1) note that 

s*(Ix) = s*(7r*(9Jt s> o) • (%,J = m Sfi ■ s*(Ox. x ) = Wls,o ■ O s ,o = m s ,o. 

Then s|(S% )a .) C m Sfi = s*(I x )- Then 9%^ C I x + ker s|. Note that 
kers* = I Si (S) and 7x are contained in the maximal ideal 3J% X . Then we 
get the equality (2): C ix + kers* = ix + i Si (,s)- 

• to check the equality (2) note that X = Xg X = Fj. X F i X. 

• to check the equality (3) note that ]Js,;(5) = X X P i 5 x 0, and Sj(5) 
misses the neighbourhood of x for j ^ i. 

Since S x and Pj, intersect transversally in Pg, we get 

2Kpi ,o = 4>£ + ^SxO- 
Multiplying this equality by 0% x , we get equality (*): 

9%,o ' = /Pi ' 0^ x + Isxo • 0^ x = (2)&(3) - Ix + / 5i( s) - (1) = 9%,*- 

So, -F 1 is unramified at a;. 

Since 0-g ^ is a regular ring and quasi-finite Opi -module, the Grothendieck 
theorem [TJ V.3.6]) implies that F is flat at x. Then F is etale at all closed points 
of F _1 (0 x 5). Then F is etale over 0x5. The same reasoning proves that F 
is etale over Sxoo. This concludes the proof. □ 

4.11 Definition. A divisor D on X is called an 5-divisor iff its components are 
5-points of X, i.e. D = J^i n i s i(5) for some sections Sj : 5 — > X. 

4.12 Definition. A divisor D on X is called a disjoint divisor, iff D = J2i £ i^i 
such that gj £ { — 1, 1}, and for i ^ j we have that Z% H 2j = 0. 

4.13 Definition. We will call the divisors D and D' disjoint, iff D = Y^niZi, 
D' = ^rrijZj and for all i,j the component Z{ is disjoint from Z'y 

4.14 Lemma. Consider an S -point s: 5 — > X. Consider a set of S -points 
yi, . . .yk' 5 — > X. iTien £/iere is a rational function ip on X smc/i £/ia£ 

• if is defined and equal to 1 on Xoo, 
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• div tp — ^2 s i(S) ~ ^tmiS) is a disjoint S-divisor, s\ = s, 

• the divisor ^ Si(S) — t m (S) is disjoint from ^2 Vj(S). 

Proof. Consider a closed embedding X °-t- P§. We will construct ip in the form 
where F and G are in T(Pg,0(d) for some d. Corollary 14.71 implies that 

3-oo = II Xi(S) for some set of 5* points Xi : S — >■ X, i = 1 . . . r. Denote by SJ, yj, 

s the corresponding closed points Spec k X. 

Step 1. We construct the polynomial F. For any d ^ r by lemma [33] there 

is / e r(Pg,0(d)) such that 

• /(«) = 0, 

• /(W) and ^ for j = 1 . . . fc, i = 1 . . . r. 

• Z(f) intersects X transversally in P£. 

Then take F e r(Pg, O(d) such that F = / and F(s) = 0. This homogeneous 
polynomial exists by corollary 13.31 

Step 2. We construct the polynomial G. By lemma GO] there is a homoge- 
neous polynomial g S k[zo, ■ ■ ■ , z n ] of degree d such that: 

• 9(y) 7^ for all ?/ £ X (~l Z(f), for y = yj and for y = xl, i = 1 . . . r and 
j = l...k. 

• Z(g) intersects X transversally 

By corollary 13.31 there is a homogeneous polynomial G of degree d such that 
G = g and G{xi) = F(xi). Then for all Xi tp is defined on Xi and <p{xi) = 1 
Now consider the divisor of tp on X 
Note that 

(X x Pg Z(F)) x f I = Z(F) x P§ X = (Z(F) x P§ P£) x P >> X = Z(f) x P ~ X. 

Since Z(/) intersects X transversally, we have that X xpg Z(F) intersects X 
transversally. Then by lemma ET~4l the scheme <^ -1 (0) is etale over S. Then 
lemma B~5l implies that </? _1 (0) = ]Jsj(5) f° r some sections : S — > X. Since 
F(s) = 0, we have that one of the s^, say s\ equals s. Then divo(<p) — s i(S)- 

The same reasoning proves that the scheme Z(G) XpgX intersects X transver- 
sally. Then it is etale over S by lemma B~4l Then by lemma B~51 Z(G) Xp»I = 
IJt m (<S). Then diVoo(f) = £)*m(<S0- 

Then div(ip) = divo(tp) — divoc^tp) is a disjoint S-divisor. 

By the construction of tp, for i 2 si is distinct from all yj, and for all m t m 
is disjoint from all yj. Then by corollary 14.61 the divisor J2 i>2 s i(S) — tm(S) 
is disjoint from all yj(S). □ 
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4.15 Lemma. Consider a map 

$: Z-s— ► Pic(£,£ 00 ) 

s: S^X 

s i-> s(S) 

Then 

• ^ is surjective. 

• Kernel of $ is generated by elements D = ^2si(S) — ^2tj(S) for some 
finite sets of sections {si} and {tj} of X — » S such that there is a regular 
morphism f : X — > Pg with the following properties: 

(i) f is etale over x S and oo x S, 

(ii) Xoo C x S) 

(in) f-\Q x S) =]\ Si {S), f~\oo xS) = Utj(S). 

Proof. (1) Let us prove that $ is surjective. 

(1.1) Consider [Z] £ Pic(X, Xoo) such that Z intersects X transversally by 
finite number of points. By lemma B~4l it : Z S is etale. Then corollary 14.61 
implies that Z = ]J Si(S) for some set of sections Sj. Then [Z] <E 7to<1>. 

(1.2) Now consider a case when D = rii[Zi] E Pic{X, Xoo) is a very ample 
divisor. We will prove that for big enough d, the divisor dD is equivalent in 
Pic(X, Xoo) to some divisor Y^n^Z^ such that all Z[ intersect X transversally. 
By lemma 14.91 there is a morphism / : X — > Pj, such that 

• Xoo C /^(l) 

• divo(f) = dD 

• Scheme-theoretic preimage / _1 (oo) intersects X transversally. 

Then the divisor dD is equivalent to divoo(f) hi Pic(X, Xoo)- By the case 1.1, 
divisor divoo(f) is in Im&. The same reasoning shows that (d+ 1)D is in ImQ. 
Then D = (d + 1)D — dD is in Since Pic(X, Xoo) is generated by very 

ample divisors, we have that $ is surjective. 

(2) Consider the kernel of $. 
For any divisor D = ^2niSi(S) € ker$ the lemma H. 141 implies that there is a 
disjoint S-divisor D x in ker$ such that D x = si(S) + Y l s 'i( s ) ~ E^ 5 ") and 
the divisor s i(S) ~ E i s disjoint from D. 

Then 

D-D 1 = {n l - l)s x {S) + Y, s i( S ) ~zZ m ^ S ) - E S '^ S ) + zZ l 'A S )- 

Note that we have reduced by 1 the multiplicity of S\(S) in D and added a 
disjoint 5-divisor that is disjoint from D. 



15 



Iterating this procedure we reduce all multiplicities rii and rrij and on some 
step k we will get D — D\ — ... — = D where D G ker $ is a disjoint S- 
divisor Since D il i = l...k and D lie in ker$, there are rational functions 
fi, i = 1 . . .k and / such that /i(£oo) = 1, f{Xoo) = 1 and divfi — Di and 
divf — D. Then by lemma fl. 101 each fi and / can be extended to the regular 
morphisms /»,/: X — > Pg possessing the properties (i)-(iii). Then 

D = D l + ...D k + D 
is the desired decomposition of D in ker 

□ 

4.16 Lemma. Consider a pairing: 

Z • s <g> — > denned by s® f ^ s*(f). 

s: S->£ 

XTien i/izs pairing can be decomposed in the following way: 



s: S->£ 

Pic(X, Xoo) <8> 

Proof. By lemma 14.151 it is sufficient to prove that for every /: X — > Pg such 
that: 

• ^ C X 5), 

• / is etale over 0x5 and oo x S, 

. /- i (ox5) = ij Si (5), 

. /"Hoc x 5) =U*i(S) 

The following equality holds: 

J2 — F(tj) = as a morphism J-(X) — > J-(S) 

Note that the closed fiber restriction f\-^ '■ X — > is a quasifinite morphism. 
Since S is local, then /: X — > P s is quasifinite. Since / is projective and 
quasifinite, then / is finite. Take A s = P s \l X S and consider Xi ~ X x P i A s . 
Then X\ is open subscheme in X, smooth over S and f\xi- Xi —> A s is finite 
and surjective. Note that the following diagram commutes: 




la 



>II*iOS) 



/lu*j(S) 
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All vertical arrows are finite surjective flat l.c.i. morphisms, so there are the 
following morphisms in the category C: 

G i/orac(Acj, £1) represented by the triple (Ag Xi ^> Xi), a G Homc(S,]Jsi(S)) 
represented by (S -h- ]Jsi(S) — > ]Jsi(S)), and ot\ G Homc(S, ]J tj(S)) repre- 
sented by (S <- U tj (S) -> IJ tj (S)). 

Then we have the following diagram in O-category: 



U*i(S) 




Let us prove that this diagram commutes: The composition Io°oto is represented 
by the triple (S <- JJ Si(S) ->■ Xi) 

The composition </>oi is represented by the triple (S <— S x A i_ Xi — > Xi) Since 
5 x A i Xi = ]Jsj(5), the left square commutes. Analogously, the right square 
commutes. Applying the functor T we get the following commutative diagram: 



-F(Xi)- 

H<t>) 



■^(U*i(5)) 

f(<>co) 



Denote by p the projection p : Ag — > S. The functor J* is homotopy invariant 
and io and i\ are sections of p. Then T(i§) = F(ioo) = (^(p)) -1 . Then 

T(a ) o J"(7 ) = ^(aoo) o J"(7oo) 

We will prove that J-(a ) oj(/ ) = ^2T(si) and J-"(aoo) F{I<x>) = m 
-ffom A b(-F(Xi), /"(S 1 )) 

Consider a (») G Homc(S, \J Si(S)) represented by the triple (S <— Sj(S') — ► 
U.Si(S)). Then' 

a ° = X! ao >W 

Each morphism Jo ° ^0,(0 i s represented by the triple (S Sj(S') — > Xi) Note 
that 7r| Si (5) : Si(5) — > 5 is an isomorphism with Sj being is its inverse. Then 

io o ao,(t) = s i in Hom c (S,Xi). 

Then 

7"(a ) o J"(7 ) = T(I Q o a ) = io ° «o,(i)) = X! ° = X! 

The same reasoning proves that J-(aoo) o F(Ioo) = ^2F(tj)- 

Then X)-^ r ( s «) = -^(^l) — ► J~(S). Taking composition with the 

inclusion Xi X, we get 



□ 
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5 Proof of the main result 



5.1 Theorem. Let k be algebraically closed field, S be a Henselization of a 
smooth variety over k in a closed point, X/S be smooth scheme over S of relative 
dimension 1, admitting a good compactification. Let J- be a homotopy invariant 
presheaf with VL-transfers such that nT — 0, and gcd(n, char k) = 1. 
Then for any two sections x,y: S — > X, such that x and y coincide in the closed 
point of S , two homomorphisms J-(x), J-(y) : F(£) — > J~(S) coincide. 

Proof. Consider a pairing Z • s ® J-(X) — > J~(S), denned by the rule 

s ® a4 J 7 (s)(a). 

Since nT = and lemma 14.161 this pairing can be decomposed in the following 
way: 

Z • s ® T(X) T(S) 

Pic(X, Xoo)/n ® J-(X) 

So, it is enough to prove that elements, defined by the divisors x(S) and y(S) 
coincide in Pic(X, Xoo)/n. Here our proof is similar to the proof (4.3 [2]). By 

(2.2 IHI) 

Pic(X, Xoo)/n C H^.(X, ji(Hn)) 
where \i n is the group of n-roots of unity. By proper base change theorem, 

H 2 et (X,J ] (Hn)) = H 2 et (X, (jo)!(/in)) 

where X and X are fibers of X and X over the closed point of S, and jo : X X 
is the corresponding embedding. Consider the commutative diagram: 

Pic(X, Xoo)/n H 2 t (X,j\((i n )) 




Pic(X, X^/n H 2 et (X, (joWn)) 

Then Pic(X, Xoo)/n C Pic(X, X^/n. Since x and y coincide in the closed 
point, the images of x(S) and y(S) coincide in Pici^XjX^/n. Then x(S) and 
y(S) coincide in Pic{X,X 00 )/n. This concludes the proof. □ 

5.2 Corollary. Let k be algebraically closed field, Y be a smooth variety, O be a 
local ring of a closed point ofY in etale topology and S = Spec O. Let J- be a ho- 
motopy invariant presheaf with Q-transfers and nJ- = 0, where (n, char k) — 1. 
Then the homomorphism J-(i) : F(S) — > J~(k) is an isomorphism, where i : Spec k — > 
S is the embedding of the closed point. 
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Proof. Let I denote the dimension of Y. Then S is isomorphic to Si — Spec O e K „ 
So, it is sufficient to prove that F(i): J~(Si) — > J-~(Spec fc) is an isomorphism. 
Consider the projection 7T; : S; — > Spec fc. Then we get that J-(i) ° F'(tti) = 
idjr(Specfc)- Then ^(tti) is injective. Let us check that F(tti) is surjective. We 
will prove it by induction on ?. 
The case Z = is trivial. 

We prove the induction step. Since any etale neighbourhood of in A' contains 
an affine etale neighbourhood, we have that F(Si) = colim F(W), where W 
runs over all affine etale neighbourhoods (W,Wq) — > (A , 0). For any affine etale 
neighbourhood W we will find a morphism tt : Si — > Si—i and a decomposition 
of the canonical map 



F(W) — HSi) (*) 




HSi-i) 

By the induction hypothesis, ^(Spec k) — ) F{Si-\) is surjective, so this decom- 
position implies that the image of F(W) in IF (Si) is contained in the image of 
the morphism F(iri). Then IF(tti) is surjective. 

Now we will construct the morphism 7r and the decomposition (*). 
By proposition 3.3] there is an open neighbourhood U of wo in W, an open 
embedding U U, and the commutative diagram, where Y denotes U\U 



U 




Y 



such that 

• U' is an open subscheme of P' fc -1 , 

• p is smooth projective of relative dimension 1 

• q is etale and finite. 

For any etale morphism (V,vq) — > (U',p(wo)) consider the fiber product 
diagram: 




Since Si is local, there is a unique closed point Xq in X lying over vq in V . 
Since <p is etale and <p(xo) — 0, lemma 8, 4.2 §4] implies that there is a section 
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X ■ Si — >• X sending to io- Thus we get a morphism a o \ '- (Si,0) — > (V, vq). 
Since Si-i is a limit of a filtered system of etale neighbourhoods (V, v ) of (A l ,0), 
we obtain a morphism n: Si — > S^-i and the following commutative diagram: 



Si 



u 



Si- 



ll' 



Denote by / the composition Si A Si-i — > V. Consider the fiber product: 

X >-U 




We check that X = U Xw Si is a good compactification of X. Since X \ X = 
(U\U) xw Si =Yxiji Si and Y is etale over U', we have that X \ X is etale 
over Si. 

So we can apply the rigidity theorem to X. We construct two sections si , S2 ■ Si — > 
X as follows 

First section, s\ arises by universal property in the diagram: 




where Si — > U is the canonical map. 

To construct the second section, s 2 , let us prove that there is a section 

£ : Si-i — > Si of the morphism tt: Si — > 

By its construction n is smooth of relative dimension 1. Then n can be presented 
as a composition of etale morphism and a projection: 

tt: SAS^XA 1 
Consider the following Cartesian square: 

Z ^Sl-! 



Si 



Si-i x 
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where io is an embedding as a zero section x 0. Since base change preserves 
etaleness, we have that g: Z —> Si-i is etale Then by universal property of S/_i 
we get h: Si-i ->Za section of g. Now take £ = r a h: Si-i — > Z — >• Si. Note 
that £ is a section of n. 

Now define S2 as a morphism given by the universal property in the diagram: 




Si >U' 



where /: Si —> U is defined as the composition / : Si A Sj-i A Si c -^> {/. It is 
easy to see that the sections si and S2 coincide in the closed point of Si. Then 
theorem 1 implies that .F(si) = ^(sa) : ^(X) — > J 7 (Si). Note that the image of 
the canonical morphism ~F(W) — > J~(Si) equals to the composition: 

F(W) F(U) F(X) -^H T(Si). 

Since J~(si) = J-(s2), this composition equals 

T(W) F(U) F(Si) T(Si^) T(Si). 

So, the image of J-"(W) is contained in the image of J-(Si-i). Then, by induction, 
it is contained in the image of T(Spec k). So J-(tt{) : J-^Spec k) — > J 7 (Si) is an 
isomorphism. Consequently, T(t): 'F(Si) — > J-~(Spec fe) is an isomorphism. □ 



6 Examples of il-presheaves 

In this section we prove that the K- functor and algebraic cobordism fl*, defined 
by M. Levine and F. Morel in [7] give the examples of fi— presheaves. 

K-theory. Consider a morphism a €E Homc(X,Y) represented by the triple 

(X 4- Z A Y) Since Y G Smfc, we have that g has finite Tor dimension and 
there is the pullback map K'*(Y) K'^(Z). ([11], 7.2.5) Since / is finite, there 
is a pushforward map /*: K'^(Z) -> K'JX) ([11 , 7.2.7) Then we are able to 
give the following 

6.1 Definition. For the morphism a £ Hon%c(X,Y) represented by the triple 
(X Z A Y) define a* : K*(Y) — > K*(X) as the following composition: 

a* : if, 00 = Ki(Y) £ K(Z) H K(X) = K m (X). 
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6.2 Lemma. Let a eC(X,Y) and (3 G C(Y,W) . Then ((3 o a)* = /3* o a* . 

Proof. It is sufficient to prove the statement for a and j3 defined by elementary 

triples. Suppose a is defined by {X £■ Z x 9 -\ Y) and p is denned by (Y 
W). We have a commutative diagram defining the composition /3 o a 



Z\ Xy Z2 




X Y W 

Since /a is a flat morphism, then fi'- Z<x — > Y and gy \ Z\ — > Y are Tor - 
independent. Then by proposition 7. 2. If of [IT] we have g\f2* = huh^. Then 

/3* o a* = fi*glf2*9*2 = fuhuh^ = ifi «)*• 

□ 

Since isT* is additive with respect to disjoint unions([ITJ,2.8), and homotopy 
invariant ([UJ, 7.4.1) we get 

6.3 Proposition. For any X G Smt, a G Mor(C) the assignment X i-> 
K*(X), a <— > a* gives us the homotopy invariant presheaf with Sl-transfers 
K* : C op -> Ab 

Algebraic cobordism. Consider a morphism a G Homc(X,Y) represented 

by the triple (X 4- Z A Y ) . Denote dim X = di and dim Y = d-2 ■ In [7] there is 
constructed an extension of algebraic cobordism theory 17* to the Borel-Moore 
homology 17* on Schfe. 

As we have mentioned in remark T2.2[ g is an l.c.i. morphism. Then by definition 
6.5.10(0) there is the pullback g* : 17*(Y) -> Cl»+di-da(Z), where Since / is 
finite, there is the pushforward map /* : 17* (Z) — > 17*(X). Since X and Y are 
smooth, we have that 17*(X) = Q dl -*(X) and Q*(Y) = 17 d2 -*(Y). 

6.4 Definition. For a G C(X,Y) defined by the triple (X I- Z -4 Y) define 
the pullback map a* : 17* (Y) — > 17* (X) as the composition 

17*(Y) = 17 d2 _*(Y) £ 17 dl _*(Z) A 17 dl _*(X) = 17*(X). 

6.5 Lemma. Let a &C{X,Y) and (3 e C{Y,W). Then ((3 o a)* = /3* o a* . 

Proof. It is sufficient to prove the statement for a and (3 defined by elementary 

triples. Suppose a is defined by (X Z 1 ?\ Y) and (3 is defined by (Y £ Z 2 9 -\ 
W) . We have a commutative diagram defining the composition (3 o a 
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Z\ Xy Zi 




X 



Y 



W 



Since fi is a flat morphism, then fi : Z 2 — > Y and g\ : Z\ — > Y are Tor - 
independent. Then by theorem 6.5.12(0) we have c/1/2* = h\Jn\. Then 



Since ft* is additive with respect to disjoint unions([7], 2.4.13), and homotopy 
invariant ([7], 3.4.2) we get 

6.6 Proposition. For any X S Sm^, a G Mor(C) the assignment X H> 
f2*(X), a i— a* gives us the homotopy invariant presheaf with Q-transfers 
ft* : C op Ab 
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